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Constitutive modelingConstitutive equations are derived for the viscoplastic behavior of a host medium driven by diffusion of
guest atoms. With reference to the trapping concept, two states of a guest atom are distinguished: mobile
and immobilized (due to alloying with the host matrix). This allows propagation of a sharp interphase to
be described between regions rich and poor in guest atoms. The model is applied to study the mechanical
response of a spherical electrode particle in a Li-ion battery. Ability of the constitutive equations to cap-
ture basic phenomena observed in anode particles under lithiation is demonstrated by numerical
simulation.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The paper is concerned with constitutive modeling and numer-
ical simulation of the viscoplastic behavior of electrode particles
induced by insertion of lithium ions.
Electromechanical properties of lithium (Li) ion batteries have
attracted substantial attention in the past decade with focus of
the ongoing research on development of power systems with high
energy density, high capacity, and long service life. This goal can be
achieved by an optimal choice of materials for cathode and anode
and proper design of electrodes composed of small particles (Tar-
ascon and Armand, 2001; Goodenough and Kim, 2010). Application
of materials with high charging capacity, for example, silicon (Kas-
avajjula et al., 2007; Chan et al., 2008), compromises, however, the
battery performance due to development of high stresses in anode
particles. These stresses (attributed to large volume changes in-
duced by diffusion of lithium under charging) result in damage
accumulation, propagation of cracks, pulverization of particles,
drastic capacity fading, and degradation of the battery perfor-
mance upon repeated cycling.
Insertion and extraction of lithium ions in electrode particles
has recently been investigated experimentally in a number of
studies. Their major ﬁndings may be summarizes as follows (for
deﬁniteness, we focus on a spherical anode particle under
lithiation):1. A core–shell structure is formed under insertion of Li ions with
different physical properties of Li-poor (inner core) and Li-rich
(outer shell) regions (Liu andHuang, 2011; Liuet al., 2012;McDo-
well et al., 2012, 2013). If formation of the core–shell structure
with a sharp interphase appears to be natural under lithiation
of crystalline electrode particles (due to their solid-state amor-
phisation induced by transport of guest atoms), similar observa-
tions for amorphous particles (McDowell et al., 2013) require
advanced constitutive models for their description.
2. Insertion of Li atoms may be accompanied by failure of elec-
trode particles driven by formation of cracks at their outer sur-
faces (Chon et al., 2011; Liu et al., 2012; Kushima et al., 2012).
Conventional approaches associate diffusion-induced fracture
with development of positive (tensile) hoop stresses near the
outer boundary of electrode particles (Christensen and New-
man, 2006; Cheng and Verbrugge, 2010; Zhao et al., 2010;
Brassart et al., 2013; Gao and Zhou, 2013). Formation of tensile
hoop stresses cannot be described when the host medium is
modeled as an elastic material, but may be predicted when it
is treated as an elastoplastic or viscoplastic continuum (Zhao
et al., 2012; Gao and Zhou, 2013). An important feature of this
phenomenon is that fracture of electrode particles is a size-
dependent process: failure is observed when radius of a particle
R0 exceeds some critical value R only (McDowell et al., 2011;
Ryu et al., 2011; Liu et al., 2012; Ma et al., 2013).
3. Elastic properties of the Li-poor and Li-rich zones can differ
noticeable. Calculations based on the density functional the-
ory demonstrate that under lithiation, Young’s modulus
increases strongly in crystalline graphite (Qi et al., 2010) and
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2010). The latter conclusion is conﬁrmed by ex-situ (Hertz-
berg et al., 2011) and in situ (Kushima et al., 2012) measure-
ments. These results, however, should be treated with
caution, provided that lithiation induces plastic ﬂow in
electrode particles. When diffusion of guest atoms results in
the growth of intensity of plastic deformations, a decay in
elastic modulus may be interpreted as a decrease in the secant
modulus of a viscoplastic medium.
4. It is conventionally accepted that the interphase between Li-
rich and Li-poor domains moves with a constant velocity (Lee
et al., 2011; Zhao et al., 2012; McDowell et al., 2013). The
so-called self-limiting lithiation of electrode particles (McDo-
well et al., 2012; Lui et al., 2013) provides an exception from
this rule. Propagation of the interphase with a constant velocity
implies that its description by means of the classic Stefan prob-
lem (Deshpande et al., 2011) is overly simpliﬁed, and more
sophisticated models are needed to formulate conservation
laws at the moving boundary (Zhao et al., 2012; Pharr et al.,
2012).
5. Volume expansion under lithiation of electrode particles is
strongly anisotropic (Lee et al., 2011; Yang et al., 2012).
Although some explanations for this anisotropy have been
provided (Zhao et al., 2012; Pharr et al., 2012), our under-
standing of its physical ground is far from being exhaustive.
As examples, we refer to (i) the ledge ﬂow phenomenon (Liu
et al., 2012; Yang et al., 2012) and (ii) the leapfrog mechanism
of nanocracking (Kushima et al., 2011) that establish connec-
tions between orientation-dependent mobility of the inter-
phase and amorphisation of a crystalline core of an electrode
particle.
Stress–strain relations for the mechanical response of electrode
particles under insertion and extraction of lithium have recently
been developed in a number of studies.
A constitutive framework for the study of volume expansion
and plastic ﬂow in the host medium driven by diffusion of guest
atoms was derived by Bower et al. (2011), Haftbaradaran et al.
(2011), Loeffel and Anand (2011), Cui et al. (2012) and Brassart
and Suo (2012), see Gao et al. (2013) for a review. These works fol-
low the conventional approach (Larche and Cahn, 1985) according
to which the host material is treated as a one-phase continuum.
To account for the core–shell structure of electrode particles in
a simple way, several models were recently proposed where diffu-
sivity and elastic moduli were treated as functions of concentration
of guest atoms and invariants of the stress tensor, see Deshpande
et al. (2010), Gao and Zhou (2011), Bower and Guduru (2012),
Grantab and Shenoy (2012) and Purkayastha and McMeeking
(2012), to mention a few.
Distribution of stresses under lithiation of electrode particles
modeled as two-phase media was analyzed by Deshpande et al.
(2011) and Huang et al. (2013) by introducing additional hypothe-
ses regarding the interphase motion: Deshpande et al. (2011)
calculated current position of the interphase from solution of the
Stefan problem, whereas Huang et al. (2013) presumed the inter-
phase to propagate with a constant velocity.
The necessity to describe motion of the boundary between Li-
rich and Li-poor zones with account for stresses in these domains
and the kinetics of reaction at the interphase was demonstrated by
Zhao et al. (2012) and Pharr et al. (2012), where interplay between
characteristic times for diffusion, reaction, and plastic ﬂow was
discussed.
Governing equations for phase transformations in nanoparticles
under insertion of Li ions were developed by Singh et al. (2008),
Cogswell and Bazant (2012) and Dargaville and Farrell (2013)based on the phase ﬁeld model and applied to study separation
of electrode particles into Li-rich and Li-poor domains.
The approach proposed in this work to study lithiation of
electrode particles is based on the following reasoning:
1. To describe an increase in elastic moduli of a host medium due
to the presence of guest atoms (predicted by some ﬁrst princi-
ples calculations, see Qi et al. (2010)), one needs to presume
formation of bonds between guest and host atoms. The latter
means that not all guest atoms remain mobile under lithiation,
but some of them are immobilized (temporarily or perma-
nently) by alloying with the host matrix. The immobilization
phenomenon for lithium atoms in silicon is conﬁrmed by
in situ X-ray diffraction that reveals transformation of crystal-
line silicon into an amorphous alloy of silicon and lithium
followed by transformation of the amorphous alloy into a new
crystalline phase when concentration of guest atoms reaches
its critical value (Gu et al., 2013).
2. Unlike conventional diffusion problems where spatial distribu-
tion of mobile atoms is smooth, and introduction of a sharp
boundary requires special efforts, appearance of sharp interpha-
ses in diffusion problems with mobile and immobilized atoms is
natural when the rate of trapping exceeds strongly the rate of
diffusion.
Separation of guest atoms into two kinds (mobile and immobi-
lized) for the analysis of diffusion-induced stresses in solids is not
novel. A similar approach was previously suggested to study
hydrogen diffusion in metals (Krom and Bakker, 2000; Anand,
2011; Di Leo and Anand, 2013), solute trapping under solidiﬁcation
(Zheng et al., 2012), moisture diffusion in polymer nanocomposites
(Drozdov et al., 2003), etc. Another way to introduce two diffusing
species for the analysis of stresses in electrode particles was re-
cently proposed by Bernardi et al. (2013).
Unlike previous studies where trapping was treated as a locally
equilibrium process, we model immobilization of guest atoms as a
kinetic process whose rate is determined from the free energy
imbalance inequality. Another feature of the present model is that
volume expansion of the host medium is mainly attributed to an
increase in concentration of trapped atoms (this effect was
disregarded in the models where trapping was associated with
disappearance of mobile atoms at grain boundaries).
The objective of this study is twofold: (i) to develop a constitu-
tive model for the viscoplastic behavior of a host medium with
account for diffusion and immobilization of guest atoms, and (ii)
to apply the governing equations for numerical analysis of stresses
developed in a spherical electrode particle under lithiation.
The exposition is organized as follows. Constitutive
equations for the viscoplastic response of a host medium and
diffusion of guest atoms are developed in Section 2. The
governing equations are applied to describe spherically sym-
metric deformation of an electrode particle in Section 3 (details
of derivation are given in Appendix A). Results of numerical
simulation are reported in Section 4. Concluding remarks are
formulated in Section 5. One-dimensional diffusion in a layer
is studied in Appendix B (this analysis allows us to distinguish
the effects of stresses and immobilization of guest atoms on
propagation of an interphase).2. Constitutive model
For simplicity, we conﬁne ourselves to the analysis of the visco-
plastic responseof ahostmediumat small strains, disregardchanges
in its elastic moduli with concentration of guest atoms, treat
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simplest condition for energy transfer under immobilization.
2.1. Kinematic relations
The host material is modeled as an isotropic viscoplastic contin-
uum. At the initial instant t ¼ 0, this medium is in the stress-free
state, and concentration of guest atoms vanishes. Denote by ^ the
strain tensor for transition from the initial to actual conﬁguration,
and by
 ¼ Trð^Þ; e^ ¼ ^ 1
3
bI;
its mean value and deviatoric component. Here bI is the unit tensor,
and Tr stands for the trace of a tensor. The strain tensor is split into
the sum of three components,
^ ¼ ^e þ ^p þ ^; ð1Þ
where ^e is the strain tensor for elastic deformation, ^p is the strain
tensor for plastic deformation, and ^ is the eigenstrain tensor that
characterizes evolution of the unloaded conﬁguration induced by
transport of guest atoms. For deﬁniteness, we presume the strain
tensor for plastic deformation to be traceless
p ¼ 0; ^p ¼ e^p ð2Þ
and the eigenstrain tensor to be spherical
^ ¼ 13 
bI; ð3Þ
where  is treated as a function of concentration of guest atoms c
(the number of guest atoms per unit volume of the host medium).
It follows from Eqs. (1)–(3) that
 ¼ e þ ; e^ ¼ e^e þ e^p: ð4Þ
To describe diffusion of guest atoms through the host material,
a trapping concept is applied where two states of a guest atom are
distinguished: mobile and immobilized (trapped). When a guest
atom enters the host medium through its boundary, it is in the mo-
bile state. Transport of guest atoms through the host matrix is
thought of as a process of their random hops (diffusion) from
one available position in the host material to the other. Depending
on the nature of host matrix (amorphous or crystalline), the sites to
which guest atoms hop are called empty intercalation sites or
interstitial lattice sites, respectively. At some instant, a mobile
guest atom hops into a trapping site in which it becomes immobi-
lized (subsequent hops from this site are forbidden). Concentration
of guest atoms c at an arbitrary instant t reads
c ¼ c1 þ c2; ð5Þ
where c1 and c2 are concentrations of guest atoms in mobile and
immobilized states. To characterize limitations on these quantities,
we introduce maximum concentrations of empty intercalation sites
and hopping sites Cmax1 and C
max
2 which are treated as material
parameters of the host medium.
Transport of mobile guest atoms through the host matrix is de-
scribed by the equation
j1 ¼ 
D^c1
kBT
$l1; ð6Þ
where j1;$ are the ﬂux vector and the gradient operator, D^ stands
for diffusivity, and l1 denotes chemical potential of a mobile guest
atom. The effect of concentrations of mobile and immobilized guest
atoms on parameter D^ will be discussed in Section 2.4.
Under the assumption that trapped atoms cannot return into
the mobile state, we write mass conservation laws for mobile
and trapped atoms as follows:_c1 ¼ R $  j1; _c2 ¼ R; ð7Þ
where the superscript dot stands for the derivative with respect to
time t, the dot denotes inner product, and R is the rate of transition
from mobile into trapped state.
To connect transport of guest atoms and deformation of the
host material, the eigenstrain  is presumed to be proportional
to concentrations of mobile and immobilized atoms
 ¼ Xðb1c1 þ b2c2Þ; ð8Þ
where X stands for the characteristic volume of a guest atom, and
b1;b2 are non-negative coefﬁcients.
2.2. Free energy density
Free energy density (per unit volume) of mobile guest atoms
interacting with a host medium W1 is described within the regular
solution model. With reference to Anand (2012), we write
W1¼W01þl01c1þkBTCmax1
c1
Cmax1
ln
c1
Cmax1
þ 1 c1
Cmax1
 
ln 1 c1
Cmax1
 
þv c1
Cmax1
1 c1
Cmax1
  
;

ð9Þ
whereW01 is a constant, l01 stands for chemical potential of a mobile
guest atom not interacting with the host medium (this quantity dif-
fers from chemical potential l1 which accounts for interaction be-
tween guest atoms and the host medium), kB is Boltzmann’s
constant, T is absolute temperature, and v characterizes energy of
interaction between mobile guest atoms and empty intercalation
sites. The ﬁrst term in the square brackets in Eq. (9) equals the en-
tropy of mixing of mobile guest atoms and empty intercalation
sites, and the other term stands for the enthalpy of mixing.
Free energy density (per unit volume) of the host medium to-
gether with immobilized guest atoms W2 reads
W2 ¼ W02 þ
1
2
K2e þ Ge^e : e^e þ
1
2
jðc2  Cmax2 Þ
2 þ
Z t
0
l1Rds; ð10Þ
where W02 is a constant, K and G denote bulk and shear moduli, and
j is a positive coefﬁcient. When the last two terms in Eq. (10) van-
ish, W2 provides the standard expression for the strain energy den-
sity of an isotropic viscoplastic material. The coefﬁcient j
characterizes ability of the host matrix to accommodate guest
atoms in traps.
In the present model, we do not distinguish between the diffu-
sion potential (that provides a driving force for transport of mobile
atoms in Eq. (6)) and the chemical potential of mobile atoms (de-
ﬁned as the free energy per guest atom interacting with a host
medium). The last term in Eq. (10) accounts for changes in free en-
ergy of the host material driven by the immobilization process. It
expresses the energy conveyed to the host matrix by guest atoms
trapped per unit volume. This energy equals the sum (over instants
s) of energies of mobile atoms immobilized within the intervals
½s; sþ ds (the latter equals the energy per mobile atom l1 multi-
plied by the amount of immobilized atoms Rds). The presence of
this term in Eq. (10) reﬂects the energy conservation law: energy
of a mobile guest atom does not disappear at the instant of trap-
ping, but is transformed into the energy of the host medium. The
appearance of l1 in Eq. (10) does not imply that this quantity is in-
cluded into the set of arguments ofW2: it means only that when l1
is determined as a function of c1 and e, free energy density of the
host medium is calculated by substitution of the expression for l1
into Eq. (10).
Free energy density of the entire system equals the sum of free
energies of its components,
W ¼ W1 þW2: ð11Þ
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W ¼W0 þ l01c1 þ kBT c1 ln
c1
Cmax1
þ ðCmax1  c1Þ ln
Cmax1  c1
Cmax1
 
þvc1 C
max
1  c1
Cmax1

þ 1
2
Kð Þ2 þ Gðe^ e^pÞ : ðe^ e^pÞ
þ 1
2
jðc2  Cmax2 Þ
2 þ
Z t
0
l1Rds ð12Þ
with W0 ¼ W01 þW02. Calculation of the derivative of expression (12)
with the help of Eqs. (7), (8) results in
_W ¼ H _c1 þ l1  jðCmax2  c2Þ þ b2XKð Þ
  	
_c2
þ Kð Þ _þ 2Gðe^ e^pÞ : ð _^e _^epÞ; ð13Þ
where
H ¼ l01 þ kBT ln
c1
Cmax1  c1
þ vC
max
1  2c1
Cmax1
 
 b1XKð Þ: ð14Þ2.3. Stress–strain relations
To develop constitutive equations, we apply a method proposed
by Hong et al. (2008) and Zhao et al. (2011): the problem of
mechanical deformation for a host medium subjected to volume
changes induced by transport of guest atoms is immersed in a lar-
ger class of problems with volume and surface mass uptake
(pumps injecting guest atoms are ascribed to each elementary
volume).
The governing relations for quasi-static deformation of a host
medium and diffusion of guest atoms involve:
 Mechanical equilibrium equations for an arbitrary domain x
with a boundary @x$  r^þ b ¼ 0 ðinxÞ; n  r^ ¼ t ðat @xÞ; ð15Þ
where b is volume force, t is surface traction, r^ is the stress tensor,
and n is unit outward normal vector at @x.
 Conservation laws for transport of guest atoms_c1 þ Rþ $  j1 ¼ C1 ðinxÞ; n  j1 ¼ c1 ðat @xÞ; ð16Þ
where C1 is the rate of injection of free guest atoms per unit vol-
ume, and c1 is the rate of their injection through unit boundary
surface.
With reference to Hong et al. (2008) and Zhao et al. (2011),
parameter C1 is introduced for operational purposes (derivation
of constitutive equations) only: real transport of guest atoms in a
host medium occurs without distributed sources and described
by Eq. (7).
The free energy imbalance inequality readsZ
x
_WdV 
Z
x
b  vdV þ
Z
@x
t  vdA
 

Z
x
l1C1dV þ
Z
@x
l1c1dA
 
6 0;
ð17Þ
where v stands for velocity vector, dV is volume element, and dA is
surface element. The term in the ﬁrst parentheses in Eq. (17) equals
the work of external forces (per unit time), and that in the other
parentheses stands for the rate of changes in free energy driven
by mass ﬂux.
Standard transformations of the second term in Eq. (17) with
the use of Eq. (15) imply thatZ
x
b  vdV þ
Z
@x
t  vdA ¼
Z
x
1
3
r _þ s^ : _^e
 
dV ; ð18Þwhere the colon denotes convolution of tensors, and the mean
stress r and the deviator of stress tensor s^ read
r ¼ Trðr^Þ; s^ ¼ r^ 1
3
rbI: ð19Þ
Substitution of Eqs. (13) and (18) into Eq. (17) results inZ
x
Kð Þ  13r
 
_þ 2Gðe^ e^pÞ  s^
 
: _^e 2Gðe^ e^pÞ : _^ep
 
dV
þ
Z
x
H _c1  jðCmax2  c2Þ þ b2XKð Þ
 
R l1ðC1  RÞ
 	
dV

Z
@x
l1c1dA 6 0: ð20Þ
It follows from Eq. (16) thatZ
x
H _c1dV ¼
Z
x
HðC1  RÞdV 
Z
x
H$  j1dV :
Inserting this expression into Eq. (20) and taking into account thatZ
x
H$  j1dV ¼
Z
@x
Hc1dA
Z
x
j1  $H dV ;
we ﬁnd thatZ
x
Kð Þ  13r
 
_þ 2Gðe^ e^pÞ  s^
 
: _^e
 
dV
þ
Z
x
ðH l1ÞC1dV þ
Z
@x
ðH l1Þc1dA
Z
x
2Gðe^ e^pÞ : _^ep
h
þ jðCmax2  c2Þ þ b2XKð Þ þ l1 H
 
_c2  j1  $H
	
dV 6 0:
ð21Þ
Keeping in mind that Eq. (21) is satisﬁed for arbitrary functions
; e^;C1; c1, we arrive at the stress–strain relations
r ¼ 3Kð Þ; s^ ¼ 2Gðe^ e^pÞ ð22Þ
and the formula for chemical potential of mobile atoms
l1 ¼ H: ð23Þ
Insertion of Eqs. (14) and (22) into Eq. (23) results in the formula for
chemical potential of mobile guest atoms
l1 ¼ l01 þ kBT ln
c1
Cmax1  c1
þ vC
max
1  2c1
Cmax1
 b1X
3kBT
r
 
: ð24Þ
Substitution of Eqs. (6), (22), (23) into Eq. (21) yieldsZ
x
s^ : _^ep þ j ðCmax2  c2Þ þ
b2X
3j
r
 
_c2 þ Dc1kBT $l1  $l1
 
dV P 0:
ð25Þ
Inequality (25) is fulﬁlled, provided that the rate-of-strain tensor for
plastic deformation reads
_^ep ¼ P1s^ ð26Þ
and the rate of trapping of mobile guest atoms obeys the equation
_c2 ¼ P2 ðCmax2  c2Þ þ
b2X
3j
r
 
; ð27Þ
where P1 and P2 are arbitrary non-negative functions of time.
To derive a differential equation for concentration of mobile
atoms c1, we determine ﬂux j1 from Eqs. (6) and (24),
j1 ¼ D^ 1þ
c1
Cmax1  c1
 2v c1
Cmax1
 
$c1  b1X3kBT c1$r
 
ð28Þ
and substitute Eqs. (27) and (28) into Eq. (7)
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Cmax1
 
$c1  b1X3kBT c1$r
 
 
 P2 ðCmax2  c2Þ þ
b2X
3j
r
 
: ð29Þ2.4. Material functions
The viscoplastic response of a host medium driven by transport
of guest atoms is described by the stress–strain relations (22) and
(26) coupled with the reaction–diffusion Eqs. (27) and (29). Our
aim is to propose phenomenological equations for the material
functions D^; P1; P2 in these relations.
To account for the effect of concentration of immobilized atoms
on the diffusion process, it is postulated that
D^ ¼ D exp aDðCmax2  c2Þ
 	
; ð30Þ
where D and aD are material constants. Eq. (30) means that the rate
of diffusion of mobile atoms increases with concentration of immo-
bilized atoms and reaches its ultimate value D (diffusivity of the
host material with ﬁlled traps). To ascribe physical meaning to Eq.
(30), we refer to the model suggested by Tritsaris et al. (2012).
According to this concept, diffusivity is proportional (among other
parameters) to the amount of local (with distances of order of
1 nm) pathways with low activation energies. Presuming trapping
of each mobile atom to distort (locally) structure of the host med-
ium and linking this distortion with reduction of the corresponding
energy barriers, we conclude that the amount of low-energy path-
ways increases with concentration of trapped atoms c2. Eq. (30)
serves as a convenient description of the latter dependence.
To derive an expression for coefﬁcient P1 in Eq. (26), we intro-
duce stress intensity ~s and strain-rate intensity for plastic deforma-
tion _~ep as
~s ¼ 3
2
s^ : s^
 1
2
; _~ep ¼ 23
_^ep : _^ep
 1
2
ð31Þ
and postulate that
_~ep ¼ A^
~s
ry
 a
H
~s
ry
 1
 
; ð32Þ
where H denotes the Heaviside function
HðxÞ ¼ 1 ðxP 0Þ; HðxÞ ¼ 0 ðx < 0Þ;
and A^;ry;a are parameters. Eq. (32) was previously applied for the
analysis of plastic ﬂow in electrode particles by Bower et al. (2011),
Cui et al. (2012) and Brassart and Suo (2012).
It follows from Eqs. (26) and (31) that
_~ep ¼ 23 P1~s:
Comparison of this equation with Eq. (32) implies that
P1 ¼ 3A^2ry
~s
ry
 a1
H
~s
ry
 1
 
: ð33Þ
The yield stress ry and the hardening parameter a are treated as
material constants of the host medium. The rate of plastic ﬂow A^
is presumed to increase being proportional to the number of immo-
bilized guest atoms,
A^ ¼ A c2
Cmax2
; ð34Þ
where A is a constant. Eq. (34) means that the host material is
merely elastic in the initial state (when concentration of immobi-
lized guest atoms vanishes), and the rate of plastic ﬂow reachesits ultimate value A when all traps are ﬁlled with guest atoms. Sub-
stitution of Eqs. (33) and (34) into Eq. (26) implies that
_^ep ¼ 3Ac22ryCmax2
~s
ry
 a1
H
~s
ry
 1
 
s^: ð35Þ
An important feature of Eqs. (22) and (35) is that they ensure
changes in instantaneous elastic moduli with concentration of guest
atoms. If sudden deformation is applied to a virgin host material
and the same material ﬁlled with guest atoms, their responses will
be different due to diffusion-driven plastic deformation.
To describe coefﬁcient P2 in Eq. (27), we presume the rate of
trapping to be proportional to concentration of mobile guest atoms
and set
P2 ¼ F^c1HðCmax2  c2Þ;
where F^ is a non-negative coefﬁcient, and the Heaviside function is
introduced to ensure that concentration of trapped atoms does not
exceed its ultimate value Cmax2 . Insertion of this expression into Eqs.
(27) and (29) yields
_c1 ¼ $  D^ 1þ c1Cmax1  c1
 2v c1
Cmax1
 
$c1  b1X3kBT c1$r
 
 
 F^c1HðCmax2  c2Þ ðCmax2  c2Þ þ
b2X
3j
r
 
;
_c2 ¼ F^c1HðCmax2  c2Þ ðCmax2  c2Þ þ
b2X
3j
r
 
: ð36Þ
When the effect of mean stress on the kinetics of immobilization is
negligible, the last equation in Eq. (36) coincides with the conven-
tional equation for chemical reaction
_c2 ¼ F^c1ðCmax2  c2Þ: ð37Þ
To account for the effect of stress triaxiality on immobilization of
guest atoms, we introduce the Lode parameter (Gao et al., 2010;
Zhang et al., 2012)
g ¼ 27det s^
2~s3
ð38Þ
and set
F^ ¼ F expða0Fg~sÞ; ð39Þ
where F and a0F are material constants. Eq. (39) means that the rate
of trapping of mobile guest atoms is governed by stress intensity ~s.
Unlike conventional approaches presuming monotonous changes in
the rate of trapping with shear, this equation accounts for an appro-
priate ‘‘sign’’ of shear stresses by means of coefﬁcient g. Although
some explanations may be provided for the inﬂuence of g on immo-
bilization of guest atoms in crystalline matrices (where this effect is
attributed to sliding of grain boundaries and opening of micro-
cracks), we treat Eq. (39) as a phenomenological relation as distinc-
tions between transport of guest atoms in crystalline and amor-
phous matrices are disregarded in the model.
3. Lithiation of a spherical electrode particle
The constitutive equations are applied to the analysis of stresses
in a spherical particle with radius R0 induced by transport of guest
atoms through its boundary. Volume force b and surface traction t
vanish. Diffusion of guest atoms and deformation of the host med-
ium are treated as spherically symmetric processes, which implies
that all functions in the governing equations depend on time t and
radius r of a spherical coordinate frame fr; h;/g with unit vectors
er; eh, e/. Only the governing relations are reported that are used
in numerical simulation of the lithiation process. A detailed deriva-
tion of these equations in given in Appendix A.
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The strain tensor ^ reads
^ ¼ u0er  er þ ur ðeh  eh þ e/  e/Þ; ð40Þ
where u is the radial component of the displacement vector, the
prime stands for the derivative with respect to r, and  denotes ten-
sor product of vectors. With reference to Eq. (2), the strain tensor for
plastic deformation is determined by
^p ¼ epr er  er  12 ðeh  eh þ e/  e/Þ
 
; ð41Þ
where epr is a function to be found. The non-zero components of the
stress tensor
r^ ¼ rrer  er þ rhðeh  eh þ e/  e/Þ ð42Þ
are given by
rr ¼ E3ð1 mÞRr ; rh ¼
E
3ð1 mÞRh; ð43Þ
where E stands for the Young’s modulus, m denotes Poisson’s ratio,
and
Rr ¼ 23
1
V0
Z V0
0
dn 1v
Z v
0
dn
 

Z V0
v
epr
n
dn;
Rh ¼ 13
2
V0
Z V0
0
dnþ 1v
Z v
0
dn 3
 
þ 3
2
epr 
Z V0
v
epr
n
dn
 
; ð44Þ
with v ¼ r3 and V0 ¼ R30. The eigenstrain  is given by Eq. (8),
 ¼ B1c1 þ B2c2 ð45Þ
and radial component of the plastic strain epr obeys Eq. (35),
_epr ¼ Ac2Cmax2
Rs
Ry
 a
ðRs < RyÞ;
_epr ¼ Ac2Cmax2
Rs
Ry
 a
ðRs > RyÞ;
_epr ¼ 0 ðjRsj 6 RyÞ; ð46Þ
where mean stress Rm and shear stress Rs read
Rm ¼ Rr þ 2Rh; Rs ¼ Rh  Rr : ð47Þ
In the new notation, chemical potential of a mobile atom is deter-
mined by Eq. (24),
l1 ¼ l01 þ kBT ln
c1
Cmax1  c1
þ v 1 2 c1
Cmax1
 
 L1Rm
 
; ð48Þ
and reaction–diffusion Eqs. (36) read
_c1 ¼ 9 @
@v D^v
4
3 1þ c1
Cmax1  c1
 2v c1
Cmax1
 
@c1
@v  L1c1
@Rm
@v
 
 
 F^c1HðCmax2  c2Þ Cmax2 þ L2Rm  c2
 
;
_c2 ¼ F^c1HðCmax2  c2Þ Cmax2 þ L2Rm  c2
 
; ð49Þ
where D^ is determined by Eq. (30), and F^ is found from Eq. (39),
F^ ¼ F expðaFRsÞ: ð50Þ
An expression similar to Eq. (50) was introduced in Haftbaradaran
et al. (2011) (based on another reasoning) to describe coupling be-
tween transport of guest atoms and formation of stresses in an elec-
trode particle. Dimensionless coefﬁcients in Eqs. (46)–(50) are given by
B1 ¼ b1X; B2 ¼ b2X; L1 ¼
b1XE
9kBTð1 mÞ ; L2 ¼
b2XE
9jð1 mÞ ;
aF ¼ a
0
FE
3ð1 mÞ ; Ry ¼ 3ð1 mÞ
ry
E
: ð51ÞThe viscoplastic response of an electrode particle induced by
insertion of guest atoms is described by reaction–diffusion Eqs.
(49) and (50), kinetic equations for plastic ﬂow (46), Eq. (44) for
dimensionless stresses, Eq. (30) for diffusivity of mobile guest
atoms, and Eq. (45) for eigenstrain.
3.2. Initial and boundary conditions
The initial conditions for these equations read
c1jt¼0 ¼ 0; c2jt¼0 ¼ 0; eprjt¼0 ¼ 0: ð52Þ
The boundary condition at the center of the sphere is given by
@c1
@v jv¼0 ¼ 0: ð53Þ
Conventional boundary conditions at the outer surface of an elec-
trode particle either presume ﬂux of mobile atoms at the boundary
to be constant or connect this ﬂux with concentration of guest
atoms by means of the Butler–Volmer equation (Cheng and Verb-
rugge, 2009; Gao et al., 2013). Both concepts appear to be inappro-
priate for our purposes: (i) the assumption regarding a constant ﬂux
of mobile atoms describes the initial stage of intercalation process,
but becomes overly simpliﬁed when concentration of guest atoms
inside the particle approaches their concentration in the surround-
ing electrolyte, whereas (ii) application of the Butler–Volmer equa-
tion and its modiﬁcations results in introduction of three
independent time-scales associated with diffusion of mobile atoms,
plastic ﬂow, and kinetics of transformation of Li+ ions into Li atoms
in a surface layer (Pharr et al., 2012). To assess coupling between
mechanical stresses and diffusion of guest atoms, we follow the ap-
proach proposed by Liu et al. (2013). Assuming that (i) the rate of
reaction in the surface layer exceeds strongly those of diffusion
and viscoplastic deformation inside the particle, and (ii) concentra-
tion of guest atoms at the surface is sufﬁciently high and each atom
has a ﬁxed chemical potential l01, we adopt the boundary condition
in the form of equality of chemical potentials of mobile guest atoms
l1jv¼V0 ¼ l01:
Combination of this relation with Eq. (48) yields
ln
c1
Cmax1  c1
þ v 1 2 c1
Cmax1
 
 L1Rm
 
v¼V0
¼ 0: ð54Þ3.3. Dimensionless variables
To reduce the number of parameters in the model, we introduce
an equilibrium concentration of mobile atoms ceq1 . This quantity is
deﬁned as a solution of Eq. (54) when the effect of stresses on dif-
fusion is neglected,
ln
ceq1
Cmax1  ceq1
þ vC
max
1  2ceq1
Cmax1
¼ 0: ð55Þ
Given ceq1 , we calculate v from Eq. (55),
v ¼  C
max
1
Cmax1  2ceq1
ln
ceq1
Cmax1  ceq1
ð56Þ
and set
c1 ¼ c1ceq1
; c2 ¼ c2ceq1
; Cmax1 ¼
Cmax1
ceq1
; Cmax2 ¼
Cmax2
ceq1
;
 ¼ ceq1
; epr ¼ eprceq1
; Rm ¼ Rmceq1
; Rs ¼ Rsceq1
: ð57Þ
The governing equations for these variables remain unchanged, pro-
vided that new coefﬁcients are introduced according to the rule
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a1
; D ¼ Dceq1 ; F ¼ Fceq1 ; L1 ¼ L1ceq1 ; aD
¼ aDceq1 ; aF ¼ aFceq1 : ð58Þ
It is worth noting that after renormalization (57), parameter ceq1 is
excluded from the governing equations.
We now introduce characteristic time for intercalation of a
particle with guest atoms T0 and dimensionless variables
t ¼ t
T0
; v ¼ v
V0
:
In the new notation, the governing equations do not change when
we set V0 ¼ 1 in Eqs. (44), (54), and replace coefﬁcients A; D, and
F with
A ! AT0; D ! DT0V
2
3
0 ;
F ! FT0: ð59Þ
To simplify the notation, the sign _ is omitted in what follows.4. Numerical simulation
Numerical analysis of the boundary problem is performed by
the ﬁnite difference method with steps Dt ¼ 107 and Dv ¼ 102.
Integration over time t is conducted by the Runge–Kutta method.
Solution of nonlinear diffusion Eq. (49) is carried out by means of
an implicit scheme. To ﬁnd concentration of guest atoms at the
outer surface of the particle, Eq. (54) is solved at each time step
by the Newton–Raphson method with 20 iterations. Simulation is
conducted with ‘‘basic’’ material constants collected in Table 1
(parameter v calculated from Eq. (56) equals 0.275). CoefﬁcientsTable 1
Dimensionless material constants.
Parameter Value Parameter Value
B1 0.05 B2 1.0
Cmax1 10.0 C
max
2 0.2
L1 0.04 L2 0.06
D 1.0 aD 40.0
F 500.0 aF 10.0
A 5.0 a 0.2
Ry 0.1
Fig. 1. Concentrations c1 and c2 at Z ¼ 0:6 versus volume v. Symbols: results of
numerical simulation with various F ( – F ¼ 500:0;  – F ¼ 100:0;  – F ¼ 20:0; H –
F ¼ 1:0).that differ from their basic values in each run of simulation are
listed in captures of appropriate ﬁgures.
To assess accuracy of our conclusions, some calculations are re-
peated with Dv reduced by twice and Dt diminished by 10 times.
The difference between results of simulation with ‘‘small’’ and
‘‘large’’ steps is lower than the size of symbols presented in ﬁgures.
To compare results of simulation when material parameters are
varied, we use dimensionless concentration of guest atoms
Z ¼
Z 1
0
cdv ; ð60Þ
instead of dimensionless time t.4.1. Phase separation under lithiation
To demonstrate ability of the model to describe formation of a
sharp interphase between a lithiated outer shell and a non-lithiat-
ed inner core in an electrode particle with the help of an appropri-
ate choice of parameter F (this quantity characterizes rate of
trapping of mobile atoms), simulation is performed with Z ¼ 0:6.Fig. 2. Stresses Rm and Rs at Z ¼ 0:6 versus volume v. Symbols: results of numerical
simulation with various F ( – F ¼ 500:0;  – F ¼ 100:0;  – F ¼ 20:0; H – F ¼ 1:0).
Fig. 3. Thickness of the outer shell h versus time t. Symbols: results of numerical
simulation with various F ( – F ¼ 500:0;  – F ¼ 100:0;  – F ¼ 20:0; H – F ¼ 1:0).
Fig. 5. Stresses Rm and Rs at Z ¼ 0:95 versus volume v. Symbols: results of
numerical simulation with various D ( – D ¼ 100:0;  – D ¼ 10:0;  – D ¼ 1:0; H –
D ¼ 0:1).
Fig. 6. Thickness of the outer shell h versus time t. Symbols: results of numerical
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sented in Figs. 1–3.
Concentrations of mobile c1 and immobilized c2 guest atoms
(these dimensionless quantities are determined by Eq. (57)) are
plotted versus volume v in Fig. 1. According to this ﬁgure, at rela-
tively high values of F (when F > 20), (i) a sharp interphase is
formed in an electrode particle between the Li-rich outer shell
and the Li-poor core, and (ii) distribution of guest atoms in the out-
er shell varies weakly with polar radius r.
Stresses Rm and Rs are depicted as functions of v in Fig. 2. This
ﬁgure demonstrates that at high rates of trapping, mean stress Rm
is positive and constant in the inner core (negative pressure), falls
abruptly near the interphase, and increases (linearly with v) in the
outer shell. Shear stress Rs vanishes in the core, decreases in the
vicinity of the interphase, and grows sub-linearly with v in the out-
er shell. The decrease in Rs in a neighborhood of the interphase re-
ﬂects a jump of this parameter predicted by Zhao et al. (2012) by
means of another constitutive model where an elastic inner core
and a plastic outer shell are separated by a sharp interface.
Motion of the interphase is characterized by thickness of the
outer layer h. For deﬁniteness, this quantity is determined from
the condition
c1ðt;hÞ ¼ 0:01 ð61Þ
for an arbitrary instant t.
Growth of the Li-rich outer shell is illustrated in Fig. 3, where h
is plotted versus time t. This ﬁgure shows that at high rates of
immobilization F, velocity of the interphase is constant, in accord
with experimental data reported by Liu et al. (2011), while at
low rates of immobilization, the dependence hðtÞ becomes similar
to that observed by McDowell et al. (2012) and Liu et al. (2013) in
experiments on self-limiting lithiation.
To assess how the above results are affected by diffusivity of
mobile atoms, numerical integration of the constitutive equations
is conducted with various D ranging from 0.1 to 100. Results of
simulation with Z ¼ 0:95 are presented in Figs. 4–6.
Concentration of guest atoms c is plotted versus volume v in
Fig. 4. According to this ﬁgure, a sharp interphase between Li-rich
and Li-poor domains is formed at all diffusivities D under investi-
gation (the interphase becomes invisible at D ¼ 0:1, because the
entire particle is lithiated at this value of D). In the outer shell, con-
centration of guest atoms c is practically independent of v atFig. 4. Concentration c at Z ¼ 0:95 versus volume v. Symbols: results of numerical
simulation with various D ( – D ¼ 100:0;  – D ¼ 10:0;  – D ¼ 1:0; H – D ¼ 0:1).
simulation with various D ( – D ¼ 100:0;  – D ¼ 10:0;  – D ¼ 1:0; H – D ¼ 0:1).DP 10. At lower diffusivities, distribution of guest atoms becomes
less homogeneous (c increases monotonically with v).
We present concentrations of guest atoms in the form cðvÞ or
c1ðvÞ; c2ðvÞ depending on the effects under investigation: the
graphs depicted in Figs. 4 and 13 allow direct comparison with
TEM measurements, whereas those reported in Figs. 1, 15 and
17 provide detailed distributions of mobile and trapped guest
atoms.
Distributions of stresses Rm and Rs at Z ¼ 0:95 are reported in
Fig. 5. The results for D ¼ 100 are qualitatively similar to those de-
picted in Fig. 2. At D 6 10, domains are developed near the outer
surface of the particle with positive mean and shear stresses. With
a decrease in D, these domains grow, as well as the intensity of
shear stress at the boundary. When the Li-poor core disappears
due to transport of guest atoms (at D ¼ 0:1), mean stress near
the center of the particle becomes negative (positive pressure),
while shear stress accepts positive values in the entire particle.
At this stage of lithiation, pressure in the center increases notice-
ably with time.
Fig. 7. Velocity of the interphase _h versus diffusivity D. Circles: results of numerical
simulation with various D. Solid line: approximation of the data by Eq. (62) with
h0 ¼ 0:02 and h1 ¼ 0:46.
Fig. 8. Thickness of the outer shell h versus time t. Symbols: results of numerical
simulation with D ¼ 10 and various aD ( – aD ¼ 70:0;  – aD ¼ 40:0;  – aD ¼ 30:0).
Fig. 9. Stresses Rm and Rs at Z ¼ 1:0 versus volume v. Symbols: results of numerical
simulation with D ¼ 10:0 and various aD ( – aD ¼ 70:0;  – aD ¼ 50:0;  –
aD ¼ 30:0).
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time. According to this ﬁgure, the interphase moves with a con-
stant velocity at all values of D. To assess the effect of diffusivity
on the interphase velocity, we determine _h by approximation of
the curves depicted in Fig. 6 and plot this quantity versus D in
Fig. 7. The data are ﬁtted by the equation
log _h ¼ h0 þ h1 logD; ð62Þ
with log ¼ log10. Calculation of coefﬁcient h0 and h1 in Eq. (62) by
the least-squares method implies that h1 ¼ 0:46, which roughly
corresponds to the scaling law _h 	
ﬃﬃﬃ
D
p
.
To assess the inﬂuence of coefﬁcients aD (it reﬂects acceleration
of diffusion with concentration of trapped atoms) and aF (this
quantity characterizes stress-induced changes in the rate of immo-
bilization of guest atoms) on the interphase motion, numerical
integration is conducted of the governing equations with
aD ¼ 30, 50, 70 and aF ¼ 0, 10, 50. Results of simulation with
D ¼ 10:0 and Z ¼ 1:0 are depicted in Figs. 8 and 9 (various aD)
and 10, 11 (various aF).Numerical analysis shows that concentration of guest atoms re-
mains practically constant in the outer shell and falls down
abruptly at the interphase for all aD and aF under consideration
(appropriate ﬁgures are omitted for brevity).
Thickness of the outer shell h is plotted versus time t in Fig. 8,
which demonstrates that the interphase moves with a constant
velocity, and this velocity decreases strongly with aD.
The effect of aD on distribution of stresses at Z ¼ 1:0 is illus-
trated in Fig. 9. This ﬁgure shows that growth of aD results in a de-
crease in mean stress Rm in the core and an increase in Rm and Rs
in the outer shell.
Changes in thickness of the Li-rich outer shell with time are re-
ported in Fig. 10, which reveals that the interphase moves with a
constant velocity when aF belongs to some interval only. At
aF ¼ 0, growth of the Li-rich domain occurs with acceleration,
whereas at aF ¼ 50, this growth is strongly returded.
Fig. 11 demonstrates a pronounced effect of aF on distribution
of stresses at Z ¼ 1:0: stresses Rm and Rs adopt similar values for
aF ¼ 0 and aF ¼ 10, while for aF ¼ 50, mean stress and shear stress
become negative at the outer boundary of the spherical particle.
4.2. Size-dependent fracture
Conventional models for fracture of an electrode particle attri-
bute this phenomenon to growth of micro-cracks at its surface
(driven by formation of tensile hoop stresses Rh) and their propa-
gation inside the host medium (Christensen and Newman, 2006;
Zhao et al., 2010; Brassart et al., 2013). Adopting the simplest
criterion for failure in the form Rh ¼ R, where R is a positive
quantity, and keeping in mind that Rr vanishes at the outer surface
of the particle, we present the fracture condition in the form
Rsjv¼1 ¼ R: ð63Þ
Other criteria for failure of electrode particles based on account for
damage accumulation driven by diffusion of guest atoms were pro-
posed by Kalnaus et al. (2011), Dimitrijevic et al. (2012) and Bower
and Guduru (2012).
Experimental data discussed in Introduction show that fracture
is a size-dependent phenomenon: large electrode particles fail
under lithiation, while small particles preserve their integrity. As
the only parameter affected by size of a particle is the coefﬁcient
of diffusion D, see Eq. (59), to predict this phenomenon, it sufﬁces
to show that condition (63) may be fulﬁlled at small D values (large
Fig. 10. Thickness of the outer shell h versus time t. Symbols: results of numerical
simulation with various aF ( – aF ¼ 0:0;  – aF ¼ 10:0;  – aF ¼ 50:0).
Fig. 11. Stresses Rm and Rs at Z ¼ 1:0 versus volume v. Symbols: results of
numerical simulation with various aF ( – aF ¼ 0:0;  – aF ¼ 10:0;  – aF ¼ 50:0).
Fig. 12. Stresses Rm and Rs at Z ¼ 1:1 versus volume v. Symbols: results of
numerical simulation with various D ( – D ¼ 100:0;  – D ¼ 10:0;  – D ¼ 1:0; H –
D ¼ 0:1).
Fig. 13. Concentration c at Z ¼ 1:1 versus volume v. Symbols: results of numerical
simulation with various D ( – D ¼ 100:0;  – D ¼ 10:0;  – D ¼ 1:0; H – D ¼ 0:1).
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been done in the analysis of distribution of stresses in a spherical
particle with Z ¼ 0:95 (Fig. 5).
To demonstrate that the conclusions drawn from Fig. 5 are inde-
pendent of our choice of Z, distributions of mean and shear stresses
at Z ¼ 1:1 are reported in Fig. 12. This value of Z corresponds to the
ﬁnal stage of insertion of Li atoms, when position of the interphase
at D ¼ 10 and 100 is close to the center of sphere, whereas the en-
tire electrode particle is intercalated with lithium at D ¼ 0:1 and 1
(concentrations of guest atoms are depicted in Fig. 13). Figs. 5 and
12 show that hoop stress Rh at the outer boundary of an electrode
particle decreases with D, or, in accord with Eq. (59), increases
strongly with its radius R0.
To assess evolution of stresses with time, numerical integration
of the governing equations is performed for various values of Z. Re-
sults of simulation are presented in Fig. 14, where Rm and Rs are
plotted versus volume v. According to this ﬁgure, the graphs
RmðvÞ and RsðvÞ corresponding to various Z are similar to each
other. At the initial stage of lithiation (small Z), shear stress re-
mains non-positive for all v, while at the later stage (large Z),positive shear stresses appear near the outer surface of the sphere
(these stresses may cause its fracture and propagation of cracks).
Sufﬁciently large tensile hoop stresses are formed at Z close to
unity only, whereas Rs remains negative at Z 6 0:5.
4.3. Coupling of diffusion and stresses
The effect of stresses on diffusion of guest atoms is accounted in
the constitutive model through: (i) the presence of mean stress in
expression (48) for chemical potential of mobile atoms (character-
ized by coefﬁcient L1), (ii) the presence of mean stress in kinetic Eq.
(49) for immobilization of guest atoms (described by coefﬁcient
L2), (iii) the presence of shear stress in Eq. (50) for the rate of trap-
ping F^ (determined by coefﬁcient aF).
According to Figs. 10 and 11, the effect of shear stress on F^ is
substantial as this parameter affects strongly the interphase veloc-
ity and distribution of stresses in electrode particles. To assess the
inﬂuence of L1 and L2 on transport of guest atoms and development
of stresses, simulation of the governing equations is conducted
with Z ¼ 0:9 and various values of these coefﬁcients.
Fig. 14. Stresses Rm and Rs versus volume v. Symbols: results of numerical
simulation with various Z ( – Z ¼ 0:5;  – Z ¼ 0:7;  – Z ¼ 0:9; H – Z ¼ 1:0).
Fig. 15. Concentrations c1 and c2 at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation with various L1 ( – L1 ¼ 0:0;  – L1 ¼ 0:1;  – L1 ¼ 0:2).
Fig. 16. Stresses Rm and Rs at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation with various L1 ( – L1 ¼ 0:0;  – L1 ¼ 0:1;  – L1 ¼ 0:2).
Fig. 17. Concentrations c1 and c2 at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation for various L2 ( – L2 ¼ 0:0;  – L2 ¼ 0:1;  – L2 ¼ 0:2).
Fig. 18. Stresses Rm and Rs at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation with various L2 ( – L2 ¼ 0:0;  – L2 ¼ 0:1;  – L2 ¼ 0:2).
Fig. 19. Stresses Rm and Rs at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation for various values of parameter Ry ( – Ry ¼ 0:02;  –
Ry ¼ 0:08;  – Ry ¼ 0:14).
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Fig. 20. Hoop stress at the outer surface Rh versus time t. Symbols: results of
numerical simulation with various Ry ( – Ry ¼ 0:02;  – Ry ¼ 0:08;  – Ry ¼ 0:14).
Fig. 22. Stresses Rm and Rs at Z ¼ 0:9 versus volume v. Symbols: results of
numerical simulation with various a ( – a ¼ 0:2;  – a ¼ 1:0;  – a ¼ 5:0).
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in Figs. 15 (c1 and c2 versus v) and 16 (Rm and Rs versus v). Fig. 15
shows that the growth of L1 results in a weak increase in concen-
tration of mobile atoms near the outer surface of an electrode
particle, whereas Fig. 16 demonstrates that stresses Rm and Rs
are practically independent of L1.
Results of simulation with L2 ¼ 0:0, 0.1, 0.2 are reported in
Figs. 17 (c1 and c2 versus v) and 18 (Rm and Rs versus v). Fig. 17 re-
veals that the growth of L2 leads to a decrease in concentration of
guest atoms near the interphase (rather weak for mobile atoms
and more pronounced for trapped atoms). According to Fig. 18,
an increase in L2 causes a noticeable decrease in mean stress Rm
and shear stress Rs in the outer shell.4.4. Coupling of diffusion and plastic deformation
To evaluate interaction between diffusion of guest atoms and
plastic deformation of the matrix, integration of the governingFig. 21. Hoop stress at the outer surface Rh versus time t. Symbols: results of
numerical simulation with various a ( – a ¼ 0:2;  – a ¼ 1:0;  – a ¼ 5:0).equations is conducted with Z ¼ 0:9 and yield stresses Ry ¼ 0:02,
0.08, 0.14. Results of simulation are depicted in Figs. 19 and 20.
Distributions of mean stress Rm and shear stress Rs are reported
in Fig. 19. This ﬁgure shows that the inﬂuence of Ry on stresses is
non-monotonic: although Rs at the surface is positive for all values
of Ry under investigation, this quantity reaches its maximum at
Ry ¼ 0:08.
To characterize evolution of hoop stress with time, Rh at the
boundary of an electrode particle is plotted versus time t in
Fig. 20. According to this ﬁgure, Rh decreases strongly with time
at the initial stage of lithiation, increases at the second stage, and
becomes independent of time at the last stage of intercalation.
Non-monotonicity in the dependence of Rs on Ry observed in
Fig. 19 may be explained by the fact that at Ry ¼ 0:14;Rh reaches
its ultimate value when concentration of guest atoms in an elec-
trode particle exceeds Z ¼ 0:9.
To assess the effect of exponent a in Eq. (32) on development of
stresses in an electrode particle under lithiation, numerical inte-
gration of the governing equations is conducted with Z ¼ 0:9 and
a ¼ 0:2, 1.0, 5.0. Results of simulation are depicted in Fig. 21, where
Rh at the outer surface of the particle is plotted versus time t, and
Fig. 22, where distributions of Rm and Rs are reported at Z ¼ 0:9.
Fig. 21 shows that the effect of a is noticeable at the very begin-
ning of the intercalation process only, when the growth of a results
in a strong increase in Rh (this stress, however, remains negative).
According to Fig. 22, the inﬂuence of a on stresses Rm and Rs at la-
ter stages of lithiation is negligible. These results may be attributed
to the fact that Eq. (32) is overly simpliﬁed for the analysis of cou-
pling between plastic deformation in the matrix and diffusion of
guest atoms. To reﬁne this relation, an extra term can be included
into the right-hand side of Eq. (32) that accounts for the growth of
plastic strain due to each immobilization event. This extension
remains, however, beyond the scope of the present study as it
requires reformulation of the free energy imbalance equation.4.5. Remarks
As the number of material constants in the constitutive model is
not small, some quantities are ﬁxed in numerical simulation. In
particular, we set B1 ¼ 0:05;B2 ¼ 1:0 presuming volume expansion
of the matrix driven by diffusion of mobile atoms to be small
compared with that induced by their immobilization. Under these
conditions, the equality Cmax2 ¼ 0:2 means that the maximum value
702 A.D. Drozdov / International Journal of Solids and Structures 51 (2014) 690–705of  is about 0.25, which implies that the theory of small deforma-
tions is applicable for qualitative predictions. The equality
Cmax1 ¼ 10 ensures that Cmax1 does not affect diffusion of mobile
atoms: results of simulation with Cmax1 ¼ 3, 10, and 30 coincide
practically. Our choice of A ¼ 5:0 appears to be unimportant: inte-
gration of the governing equations with smaller values of this coef-
ﬁcient leads to an increase in simulation time only (due to the
corresponding reduction in diffusivity D).
5. Conclusions
Constitutive equations are developed for the mechanical re-
sponse of and transport of guest atoms through a viscoplastic host
medium. Two states of guest atoms are distinguished: mobile and
trapped. Stress–strain relations and kinetic relations for diffusion
and immobilization of guest atoms are derived from the free en-
ergy imbalance inequality. Although the model can be extended
to ﬁnite strains following the approach suggested in Anand
(2011, 2012), we conﬁne ourselves to the study of small deforma-
tions for this assumption (i) simpliﬁes substantially numerical sim-
ulation, and (ii) allows the effects of geometrical nonlinearity on
propagation of the interphase to be excluded from consideration.
The model is grounded on the following assumptions:
 Trapping of mobile atoms is an irreversible process: under lith-
iation, immobilized atoms do not return into the mobile state.
When a guest atom is trapped, its free energy is conveyed to
the host matrix.
 The host material is treated as a viscoplastic medium with ﬂow
rule (35) and volumetric strain  proportional to concentra-
tions of mobile and immobilized atoms.
 Diffusivity of mobile atoms and the rate of plastic ﬂow in the
matrix are strongly affected by concentration of trapped atoms.
 Trapping of guest atoms is governed by kinetic Eq. (27) with a
stress-dependent rate of immobilization (39).
The constitutive equations are applied to the analysis of stresses
developed in a spherical electrode particle under lithiation. Results
of numerical simulation demonstrate ability of the model to cap-
ture characteristic features of the lithiation process and to describe
qualitatively the following phenomena observed in experiments:
(i) formation of a sharp interphase between a Li-rich outer shell
and a Li-poor inner core, (ii) propagation of the interphase with a
constant velocity, (iii) growth of tensile hoop stresses in the vicin-
ity of the outer surface of a particle that lead to its fracture, and (iv)
size-dependent effects in the failure process.
Due to a number of assumptions introduced in derivation of the
constitutive equations, some phenomena are not accounted by the
model (anisotropy of volume growth) or taken into account is a
simpliﬁed manner (changes in elastic moduli induced by lithiation,
damage accumulation driven by plastic ﬂow). Although the model
can be extended to the analysis of cyclic lithiation (by introducing
an additional term in Eq. (7) responsible for mobilization of
trapped atoms), only stresses induced by insertion of lithium are
studied numerically.
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Appendix A. Deformation of a spherical electrode particle
Our aim now is to provide a detailed derivation of the governing
equations reported in Section 4. Under spherically symmetricdeformation of an electrode particle, the displacement vector u
reads
u ¼ uer :
It follows from this relation that the strain tensor ^ is deter-
mined by Eq. (40), which implies that
¼ u0 þ2u
r
; e^¼ 2
3
u0  u
r
 
er  er 12 ðeh  eh þ e/  e/Þ
 
: ðA-1Þ
Insertion of Eqs. (41) and (A-1) into Eq. (22) implies that
r ¼ 3K u0 þ 2u
r
 
 
;
s^ ¼ 4G
3
u0  u
r
 3
2
epr
 
er  er  12 ðeh  eh þ e/  e/Þ
 
: ðA-2Þ
Combination of Eqs. (42) and (A-2) implies that
rr ¼ K u0 þ 2ur  
 
þ 4G
3
u0  u
r
 3
2
epr
 
;
rh ¼ K u0 þ 2ur  
 
 2G
3
u0  u
r
 3
2
epr
 
: ðA-3Þ
Inserting Eq. (A-3) into the equilibrium equation
r0r þ
2
r
ðrr  rhÞ ¼ 0
and replacing elastic moduli K and G with Young’s modulus E and
Poisson’s ratio m,
K ¼ E
3ð1 2mÞ ; G ¼
E
2ð1þ mÞ ;
we arrive at the equation
u0 þ 2u
r
 0
¼ 1þ m
3ð1 mÞ 
0
 þ
1 2m
1 m e
0
pr þ
3epr
r
 
: ðA-4Þ
Integrating Eq. (A-4) and keeping in mind that u remains
bounded at r ¼ 0, we ﬁnd that
u ¼ Cr þ ð1þ mÞI
3ð1 mÞr2 þ
1 2m
1 m rIp; ðA-5Þ
where C is an arbitrary function of time, and
I ¼
Z r
0
n2dn; Ip ¼
Z r
0
epr
n
dn:
Substitution of Eq. (A-5) into Eq. (A-3) implies that
rr ¼ E1 m C1 
2I
3r3
þ Ip
 
; rh
¼ E
1 m C1 þ
1
3
I
r3
 
 
þ Ip þ 12 epr
  
;
with
C1 ¼ 1 m1 2mC:
Calculation of C1 from the boundary condition rr jr¼R0 ¼ 0 re-
sults in Eqs. (43) and (44). It follows from Eqs. (44) and (47) that
Rm ¼ 2 1V0
Z V0
0
dn 
 
þ 3 epr 
Z V0
v
epr
n
dn
 
;
Rs ¼ 1v
Z v
0
dn  þ 32 epr : ðA-6Þ
Taking into account that
Fig. 23. Concentrations c1 and c2 versus coordinate x at various times t. Symbols:
results of numerical simulation with F ¼ 500:0 and aD ¼ 10:0 ( – t ¼ 0:3;  –
t ¼ 0:2;  – t ¼ 0:1; H – t ¼ 0:05).
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9ð1 mÞ ðRr  RhÞ er  er 
1
2
ðeh  eh þ e/  e/Þ
 
;
~s ¼ E
3ð1 mÞ jRr  Rhj; ðA-7Þ
we conclude that Eq. (46) with Ry given by Eq. (51) follows from
Eqs. (35) and (41).
Bearing in mind that
r ¼ E
3ð1 mÞRm;
we present Eq. (28) in the form
j1 ¼ j1rer ; j1r
¼ D^ 1þ c1
Cmax1  c1
 2v c1
Cmax1
 
@c1
@r
 L1c1 @Rm
@r
 
; ðA-8Þ
where L1 is determined by Eq. (51). Substituting Eq. (A-8) into Eq.
(36) and taking into account the equalities
$  j1 ¼ 
1
r2
@
@r
ðr2j1rÞ;
@
@r
¼ 3r2 @
@v ;
we arrive at Eq. (49) with L2 given by Eq. (51).
It follows from Eqs. (38) and (A-7) that
g ¼  RsjRsj :
Combination of this expression with Eq. (39) results in Eq. (50).
Appendix B. One-dimensional diffusion with trapping of guest
atoms
As the constitutive model accounts for three types of effects
(diffusion of guest atoms accompanied by their immobilization,
formation of stresses induced by volume changes, and viscoplastic-
ity of the host medium), it is difﬁcult to realize which phenomena
are responsible for (i) formation of a sharp interphase between a
lithiated outer shell and a non-lithiated inner core in an electrode
particle and (ii) propagation of this interphase with a constant
velocity. To shed some light on this issue, a simpliﬁed one-dimen-
sional problem of diffusion is analyzed where trapping of mobile
atoms is taken into account, while mechanical factors are
disregarded.
To reduce the number of material constants and to exclude
from the consideration some phenomena of secondary importance,
we adopt the classical expression for the chemical potential of
mobile atoms
l1 ¼ l01 þ kBT lnðac1Þ; ðB-1Þ
where activity a is presumed to be constant, and describe the
immobilization process by means of Eq. (37) with a constant F^.
Substituting Eqs. (6), (37), and (B-1) into Eq. (7), we arrive at the
following analog of Eq. (29)
_c1 ¼ $  D^$c1
 
 F^c1HðCmax2  c2ÞðCmax2  c2Þ; ðB-2Þ
where D^ is given by Eq. (30). Assuming the host medium to occupy
the layer
0 6 x1 6 L; 1 < x2 < 1; 1 < x3 < 1;
where fx1; x2; x3g are Cartesian coordinates and the transport
process to occur in the x1 direction only, we present Eqs. (37) and
(B-2) in the form
_c1 ¼ @
@x1
D^
@c1
@x1
 
 F^c1HðCmax2  c2ÞðCmax2  c2Þ;
_c2 ¼ F^c1HðCmax2  c2ÞðCmax2  c2Þ: ðB-3ÞFor deﬁniteness, the initial concentrations of guest atoms are
presumed to vanish
c1jt¼0 ¼ 0; c2jt¼0 ¼ 0; ðB-4Þ
and the following boundary conditions are adopted:
@c1
@x1
jx1¼0 ¼ 0; c1jx1¼L ¼ c
eq
1 : ðB-5Þ
The ﬁrst equality in Eq. (B-5) means that the boundary x1 ¼ 0 is
impermeable for guest atoms, while the other equality implies that
concentration of guest atoms at the surface x1 ¼ L coincides with
their concentration ceq1 in a reservoir surrounding this boundary.
Substituting Eq. (30) into Eq. (B-3), introducing dimensionless
variables and parameters
x ¼ x1
L
; t ¼ D0t
L2
; F ¼ c
eq
1 F^L
2
D0
deﬁning c1; c2; Cmax2 , aD by Eqs. (57), (58), and omitting the sign
_ for
simplicity, we arrive at the equations
_c1 ¼ @
@x
exp aDðCmax2  c2Þ
  @c1
@x
 
 Fc1HðCmax2  c2ÞðCmax2  c2Þ;
_c2 ¼ Fc1HðCmax2  c2ÞðCmax2  c2Þ;
c1jt¼0 ¼ 0; c2jt¼0 ¼ 0;
@c1
@x
jx¼0 ¼ 0; c1jx¼1 ¼ 1: ðB-6Þ
To analyze formation of an interphase between domains rich
and poor in guest atoms, numerical integration Eq. (B-6) is per-
formed with F listed in Table 1, Cmax2 ¼ 0:4, and aD ¼ 10, 20. Results
of simulation are depicted in Figs. 23–26.
Distributions of mobile c1 and immobilized c2 atoms at various
instants t are reported in Figs. 23 and 24. According to these ﬁg-
ures, an interphase is formed between the domains rich
(h < x 6 1) and poor (0 6 x < h) in guest atoms. Sharpness of the
interphase increases monotonically with coefﬁcient aD.
Propagation of the interphase is characterized by thickness h of
the layer rich in guest atoms that grows monotonically with time.
In the numerical analysis, h is determined from the condition sim-
ilar to Eq. (61),
c2ðt; hÞ ¼ 0:01:
Evolution of h with time is illustrated in Fig. 25 which shows
that h increases, but velocity of the interphase decreases strongly
with t. Comparing the data reported in Figs. 8, 10 and 25, we draw
Fig. 24. Concentrations c1 and c2 versus coordinate x at various times t. Symbols:
results of numerical simulation with F ¼ 500:0 and aD ¼ 20:0 ( – t ¼ 0:3;  –
t ¼ 0:2;  – t ¼ 0:1; H – t ¼ 0:05).
Fig. 26. Thickness h of the layer rich in guest atoms versus time t. Symbols: results
of numerical simulation with various aD ( – aD ¼ 10:0;  – aD ¼ 20:0). Solid line:
predictions based on a solution of the Stefan problem.
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and Li-poor domains in a spherical electrode particle may be
ascribed to the immobilization phenomenon that affects strongly
diffusivity of mobile atoms, whereas propagation of the interphase
with a constant velocity may be attributed to the effect of stresses
developed under lithiation.
To characterize the kinetics of the interphase propagation, the
data reported in Fig. 25 are re-plotted in double-logarithmic coor-
dinates in Fig. 26. This ﬁgure shows that motion of the interphase
obeys the scaling law h 	 td with exponent d that exceeds 12 (the
characteristic exponent for a solution of the corresponding Stefan
problem) and increases with aD.
Keeping in mind that the simpliﬁed model with chemical
potential (B-1) demonstrates formation of a sharp interphase
between layers rich and poor in guest atoms, one may conclude
that presence of the enthalpic term (proportional to v) in Eq. (9)
is not crucial for the description of two-phase lithiation of elec-
trode particles (this term was included into the model to ensure
fulﬁlment of boundary condition (54) with an arbitrary ceq1 ). It
can be shown, however, that v effects strongly the rate of inter-Fig. 25. Thickness h of the layer rich in guest atoms versus time t. Symbols: results
of numerical simulation with various aD ( – aD ¼ 10:0;  – aD ¼ 20:0).phase propagation. In particular, experimental diagrams hðtÞ for
spherical and cylindrical electrode nanoparticles (McDowell
et al., 2012; Liu et al., 2013) can be described accurately by pre-
suming v to change linearly with pressure r (such a dependence
was proposed by Yashin and Balazs (2007) to predict self-oscilla-
tions of hydrogels; its physical grounds were established by Arnold
(2010) within the free-volume concept). This issue will be
discussed in detail in a subsequent publication.
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